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QUENTIN MENET 

Abstract. We first generalize the results of Leon and Miiller [Studia Math. 
175(1) 2006] on hypercyclic subspaces to sequences of operators on Frechet 
to/} spaces with a continuous norm. Then we study the particular case of iterates of 

^ 1 an operator T and show a simple criterion for having no hypercyclic subspace. 

Finally we deduce from this criterion a characterization of weighted shifts with 
hypercyclic subspaces on the spaces l p or co, on the space of entire functions 
and on certain Kothe sequence spaces. We also prove that if P is a non- 
constant polynomial and D is the differentiation operator on the space of 
entire functions then P(D) possesses a hypercyclic subspace. 



Introduction 

A sequence of continuous linear operators (T„) n >i between Frechet spaces X, Y 
is hypercyclic if there exists a vector x S X (called hypercyclic) such that the set 
{T n x : n > 1} is dense in Y. We say that an operator T : X — > X is hypercyclic 
if the sequence (T n ) n >i is hypercyclic. An important question about hypercyclic 
sequences is to know if there exists an infinite-dimensional closed subspace in which 
every non-zero vector is hypercyclic. Such a subspace is called a hypercyclic sub- 
space. The notion of hypercyclic subspaces is interesting because some hypercyclic 
operators, like the translation operators on the space of entire functions, possess a 
hypercyclic subspace (see [T]) while some others, like scalar multiples of the back- 
ward shift on l p , do not possess any hypercyclic subspace (see |13]V 

In the case of a weakly mixing operator on a separable complex Banach space, 
Gonzalez, Leon and Montes have obtained the following characterization: 

Theorem 0.1 (|5J). Let T be a weakly mixing operator on a separable complex 
Banach space X . Then the following assertions are equivalent: 

(1) T has a hypercyclic subspace; 

(2) there exist an increasing sequence (rife) of positive integers and an infinite- 
dimensional closed subspace Mq of X such that T 7lk x — > for all x £ Mq; 

(3) there exist an increasing sequence (rife) of positive integers and an infinite- 
dimensional closed subspace Mb of X such that sup fc |T nfc |jv/J| < oo; 

(4) the essential spectrum of T intersects the closed unit disk. 

The implication from (2) to (1) was already proved in 1996 if T satisfies the 
Hypercyclicity Criterion for (rifc) (see [13]) and was even generalized to operators 
on separable Frechet spaces with a continuous norm (see [2], [H]) and to sequences 
of operators on separable Banach spaces satisfying a certain condition (C) (see 
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Definition 0.2 ([10]). A sequence (T n ) C L(X,Y), the space of continuous linear 
operators from X to Y, with X, Y Banach spaces, satisfies condition (C) if there 
exist an increasing sequence (n^) of positive integers and a dense subset Xq C X 
such that 

(1) T nk x — > for every x G Xq; 

(2) U fe r„ fc ({a; G X : ||a;|| < 1}) is dense in F. 

In their article [TU], Leon and Miiller have also highlighted the following two 
criteria: 

Theorem 0.3 ( |10[ Theorem 20]). Let (T n ) C L(X,Y) be a sequence of operators 
between separable Banach spaces X, Y satisfying condition (C) for a sequence (njt). 
Suppose that there are infinite- dimensional closed subspaces Mi, Ma,... such that 
X D Mi D M2 2> . . . and sup fe ||T„JmJ| < 00. Then (T n ) possesses a hypercyclic 
subspace. 

Theorem 0.4 f |10( Corollary 23]). Let (T n ) C L(X, Y) be a sequence of operators 
between separable Banach spaces X, Y . Suppose that there are closed subspaces 
E n C X (n > 1) of finite codimension and numbers C n [n > 1) with C' n — > 00 such 
that 

\\T n x\\ > C n \\x\\ for any x G E n ,n>l. 
Then (T„) does not possess any hypercyclic subspace. 

In the case of an operator T on a separable Banach space, condition (C) is 
equivalent to being weakly mixing (see [TU]) and it follows from the proof of Theorem 
10.11 that the above two criteria are also necessary conditions if T is an operator on 
a separable complex Banach space. In their book [7], Grosse-Erdmann and Peris 
have proved that Theorem [UH] can be stated for an operator on a Frechet space. 

We prove in the first section that the implication from (2) to (1) in Theorem lO.il 
and Theorems 10.31 and 10.41 are still true for sequences of operators between Frechet 
spaces with a continuous norm. 

In the second section, we obtain some conditions that are equivalent to the 
criterion of Theorem 10.41 in the case of an operator T on a Banach space or on a 
Frechet space. If T is an operator on a Banach space, this result is the following: 

Theorem 0.5. Let X be a Banach space and T : X — >■ X a continuous linear 
operator. The following conditions are equivalent: 

(i) there exist a sequence of numbers (C n ) with C n — > 00 and a sequence of 
subspaces (E n ) of finite codimension such that for every n> 1, 

\\T n x\\ > C n \\x\\ for any x G E n ; 

(ii) there exist C > 1, a subspace E of finite codimension and an integer n > 1 
such that 

\\T n x\\ > C\\x\\ for any x G E; 

(iii) there exist C > 1, a subspace E of finite codimension and an integer n > 1 
such that for any x G E, there exists an integer k < n for which 

\\T k x\\>C\\x\\. 

Therefore, if T is a weakly mixing operator on a separable complex Banach space, 
T does not possess any hypercyclic subspace if and only if T satisfies one of these 
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conditions. Condition (ii) is easier to verify than condition (i) and thus particularly 
useful for applications. 

In the third and the fourth sections, we are interested in weighted shifts. In 
the article [9], a characterization of weighted shifts on the complex space I 2 with 
hypercyclic subspaces is given using spectral theory. Using the ideas of Theorem l0.51 
we show how to obtain a characterization of the weighted shifts with a hypercyclic 
subspace on the (complex or real) spaces l p and cq but also on the space of entire 
functions and on certain Kothe sequence spaces. In 2010, Shkarin has answered 
a question that had long remained open. He has shown that the differentiation 
operator D on the space of entire functions possesses a hypercyclic subspace (see 
|16|). As this operator can be seen as a weighted shift, our result improves that 
of Shkarin by determining which weighted shifts on the space of entire functions 
possess a hypercyclic subspace. In fact, that seems be the first time that we can 
determine which operators possess a subspace hypercyclic for a class of operators 
on a Frechet space. 

To finish, we consider functions of weighted shifts in the fifth section. In par- 
ticular, we show that if P is a non-constant polynomial then P(D) possesses a 
hypercyclic subspace. This result completes Petersson's result that states that if <p 
is an entire function of exponential type that is not a polynomial then 4>{D) has a 
hypercyclic subspace (see |14|). 

1. Hypercyclic subspaces for a sequence of operators on a Frechet 
space with a continuous norm 

The results on hypercyclic subspaces of Leon and Miiller in their article [TO] 
are stated for sequences of operators between Banach spaces satisfying a certain 
condition (C) (see Definition 10. 2p . This condition can be generalized to sequences 
of operators on Frechet spaces: 

Definition 1.1. Let X be a Frechet space and Y a topological vector space. A 
sequence (T n ) C L(X, Y) satisfies condition (C) if there exist an increasing sequence 
(rife) of positive integers and a dense subset Xo C X such that 

(1) T„ k x — > for every x G A ; 

(2) for every continuous seminorm p on X, \J k T„ h ({x £ X : p(x) < 1}) is 
dense in Y. 

Remark 1.2. If (p„) is an increasing sequence of seminorms defining the topology of 
X then the second condition is equivalent to having that for every n, \J k T nk ({x S 
X : p n (x) < 1}) is dense in Y. 

Remark 1.3. In the case of a sequence of operators between Banach spaces, Defini- 
tion [TTTJ is obviously identical to Definition 10.21 Moreover, if T is an operator on a 
separable Frechet space, it is evident that if T satisfies the Hypercyclicity Criterion 
for (rik) then T satisfies condition (C) for (n^). In fact, one can show by adapting 
the ideas in [10] to Frechet spaces that T satisfies condition (C) if and only if T 
satisfies the Hypercyclicity Criterion. 

To generalize the results on hypercyclic subspaces of Leon and Miiller to se- 
quences of operators on Frechet spaces with a continuous norm, we need some 
results on basic sequences in Frechet spaces with a continuous norm. 
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Definition 1.4. A sequence (efe)fe>i in a Frechet space is called basic if for every 
x £ span{e/c : k > 1}, there exists a unique sequence (ak)k>i in K (K = R or C) 
such that x = J2kLi a fe e fc- 

Let A be a Frechet space with a continuous norm. The existence of such a norm 
implies the existence of an increasing sequence of norms (p n ) defining the topology 
of A. Using the fact that X n := (X,p n ) is a normed space, we can deduce some 
results for basic sequences on X from results for basic sequences in a Banach space. 
For example, if a sequence (ek)k>i C X is basic in X n for any n > 1 then this 
sequence is also basic in X. By a basic sequence in X n we mean a sequence that 
is basic in the completion of X n . This technique has been used by Petersson in his 
article [T3] and by the author in |12j . 

Lemma 1.5 ( [12J ) . Let X be a Frechet space with a continuous norm, (p n ) an 
increasing sequence of norms defining the topology of X and (e n ) n >i a, sequence of 
positive numbers with IX, (1 + e «) = K < oo. If (e&)fc>i is a sequence of nonzero 
vectors in X such that for any n > 1, for any j < n, for any a\, . . . , a n+ i G K, 



then this sequence is basic in X n for any n > 1 and thus in X • moreover for any 
n > 1, the sequence (ek)k>n is basic in X n with basic constant less than K . 

Lemma 1.6 ([7, Lemma 10.39]). Let X be a Frechet space, F a finite- dimensional 
subspace of X , p a continuous seminorm on X and e > 0. Then there exists a 
closed subspace L of finite codimension such that for any x G L and y G F, 



With these two lemmas we can easily construct recursively a basic sequence 
(e„) n >i in an infinite-dimensional Frechet space with a continuous norm and we 
can even choose each vector e n in an infinite-dimensional subspace. 

Lemma 1.7. Let X be an infinite- dimensional Frechet space with a continuous 
norm, (p n ) an increasing sequence of norms defining the topology of X , (M n ) a 
sequence of infinite- dimensional subspaces and a number K > 1. Then there exists 
a basic sequence (e n )„>i in X such that for any n > 1 we have pi(e n ) — I, e„ G M n 
and the sequence (ek)k>n is basic in X n with basic constant less than K . 

An important notion for basic sequences is the equivalence between two basic 
sequences. 

Definition 1.8. Let A be a Frechet space. Two basic sequences (e n ) n and (f n )n 
in X are called equivalent if for every sequence (a n ) n >i in K, the series 5Zn=i a nG n 
converges in X if and only if XmLi a nfn converges in A. 

Theorem V.9 in [3] for Banach spaces implies the following lemma for Frechet 
spaces with a continuous norm: 

Lemma 1.9 (|12J). Let X be a Frechet space with a continuous norm and (p n ) n 
an increasing sequence of norms defining the topology of X . Suppose that (e n ) n >i 
is a basic sequence in X such that for any n > 1, we have pi(e n ) — 1 and the 



n 



71+1 
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sequence (ek)k>n is basic in X n with basic constant less than K. If (fk)k>i C X is 
a sequence satisfying 

oo 

^2Kp n (e n -/„) < 1 

71=1 

then (fk)k>i is a basic sequence in X and in X n for any n > 1. Moreover the 
sequences (ek)k>i and (fk)k>i aire equivalent in X and in X n for any n > 1. 

Now we can extend the results on hypercyclic subspaces in the article [TU] to 
Frechet spaces with a continuous norm. For the rest of this section we suppose that 
X is an infinite-dimensional Frechet space with a continuous norm, Y is a separable 
Frechet space and (T n ) is a sequence of continuous linear operators from X to Y. 

Theorem 1.10. If (T n ) satisfies condition (C) for a sequence (n&) and if there 
exists an infinite- dimensional closed space Mq of X such that T rik x — > for all 
x G Mq then (T n ) possesses a hypercyclic subspace. 

Proof. We consider an increasing sequence (p n ) of norms defining the topology of 
X and an increasing sequence (q n ) of seminomas defining the topology of Y. By 
Lemma 1 1.71 there exists a basic sequence (e n ) n >i in Mq such that for every n > 1, 
we have pi(e n ) = 1 and the sequence (ek)k>n is basic in X n with basic constant 
less than 2. Let (yk)k>i be a dense sequence in Y and -< the order on N x N defined 
by ~< (i'tf) if i+j < i' + j' or if i + j = i' + f and i < i'. 

We construct a family {zi,j)ij>i C Xq where Xq is the dense set given by 
condition (C) and a family (wij)»,^>i C N such that for any i > 1, (riij)j>i is a 
subsequence of (rife). If Zvj' and already constructed for every (i',j') -< 

then we choose Zjj G and n^j G (rife) with > max{nj'j< : (i',j') -< 
such that for any -< 

gi+j(r n< , j Zi',j') < 2 i'+j'+j ' 

( L2 ) <H+j( T n il:JI Zi,j) < 2i + j+j , , 

(1-3) Qi+j(T ni>j Zi,j - yj) < ^ and < 2 i+ 1 j+2 • 

Satisfying all these assertions is possible because if for every continuous seminorm p 
on X , [J k T„ fc ({a; G X : p(x) < 1}) is dense in Y then for every continuous seminorm 
p on X, for every s > 0, for every AT > 1, the set Ufc>jv -^»»k({ a; ■ ^ £ 1) ^ s 
also dense in F. 

We define, for any i > 1, 



,2( 
J'=l 

By p.3p , these series are convergent and using Lemma II. 91 we deduce that the 
sequence (zj)i>i is a basic sequence equivalent to (ej),>i in X. Let M be the 
closed linear span of (zi) and z G M\{0}. We need to show that z is hypercyclic for 
the sequence (T„). Since (z.i) is a basic sequence, we know that z — J^i^Li a i z i an d 
we can suppose that aj, = 1 for some /c. By equivalence between the basic sequences 
and (ej)j, we deduce that J^Si aie * a ^ so converges. There thus exists K > 
such that for any i > 1, we have |a»| < K. Indeed, as the sequence (ej)i>i is basic 
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in X\ with basic constant less than 2 and pi(e n ) = 1, we have 

i i—1 oo 

(1.4) \ai\=pi(aiei) <pi(y2 a i e i) +Pi{^2 a l e l) < ^Pi{^2 a i e i 

i=\ i=\ i=i 

Let n > 1 and r > n. We have, using (fTTTj) , HHJ) and (|Q]| . 

q n (T nk r Z - y r ) < ^ \ a Mn{Tn k , r Zi,j) + ^ \ai\qn(T nk , r Zi,j) 

+ q n (T nk:r Zk,r -Vr) + In \T nk r f ^ a^j U 



i>l 

{i,j)^{k,r) (i,j)y(k,r) 



+ Qn(T nk , r Zk,r - Vr) + 9» f ( a » e ») ) 

i>l 



(i,j)/(fc,r) i>l 



< — t h -/,. (r nk r ( ^ ,) ) ^— ^» because n,< : 3, /,,. 



□ 

Theorem 1.11. Let (p n ), (q n ) be sequences of seminorms defining the topology of 
X, Y. If (T n ) satisfies condition (C) for a sequence (rifc) and if there exists a non- 
increasing sequence of infinite- dimensional closed spaces (Mj)j>i of X such that 
for every n > I, there exist a positive number C n and two integers m(n),k(n) > 1 
such that we have for any j > k(n), for any x G Mj, 

q n {T nj x) < C n p m{n) (x) 

then (T„) possesses a hypercyclic subspace. 

Proof. Without loss of generality, we can suppose that (p n ) is an increasing sequence 
of norms defining the topology of X and (q n ) is an increasing sequence of seminorms 
defining the topology of Y. We remark that, by using the previous theorem, it 
is sufficient to construct an infinite-dimentional closed subspace Mq of X and a 
subsequence (rife,) of (rife) such that for any x € Mq, we have limT^ x = and (T„) 
satisfies condition (C) for the sequence (n^J. We thus consider a basic sequence 
(ej)j>i in X such that we have pi(ej) = 1, ej € Mj and for every n > 1, the 
sequence (&j)j>n is basic in X n :— (X,p n ) with basic constant less than 2. The 
existence of the sequence (ej) is guaranteed by Lemma H~T1 

Let (yk)k>i be a dense sequence in Y and X the dense set given by condition 
(C) for the sequence (rife). By continuity of the operators T„, we can find a sequence 
(fj) C Xq such that for any j, for any k < j, 

1 „ , 1 



(!-5) Qj( T n k ej - T n Jj) < and pj(ej - fj) < ^ j+2 . 

If we denote d qi (A, x) = 'mi a ^A qi(a — x) then since the sequence (fj) is included 
in Xq, we can also find an increasing sequence of integers (£;/)/> i such that for any 
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I > 1, for any n, j < ki—x, 

(1.6) q n {T nkl fj) < t^j and d qi (T njb| ({x e X : < 1}), W ) < I 

where we suppose that fco = 1- Using Lemma ll.9l and the second inequality in (|1.5[) . 
we deduce that (fk t )i>i is a basic sequence equivalent to (ek t )i>i in X. 

Let Mo be the closed linear span of (fk t )i>i hi -X" and x a vector in Mo. We 
know that we have x — Ylk=i a jfk where the sequence (a.,) is bounded by some 
constant K (see (|1.4[0 . Let n > 1 and I > 2 with n < and < fcj. Since 
Sjlz a i e fej 6 Me,, we deduce from (|1.5[) and (|1 .€)[) that 

i — 1 oo oo 

q n {T nk x) < ^ \aj\qn{T nk[ f kj ) + ^2\a j \q n {T nk[ (fk J ~ e kj )) + q„ (r nkl (Xl a J efc 

3 = 1 j=l j=l 

l — l OO OO 

J I J'=! j=l 

IK y " K a 

Since for all n > 1, we have also by (|1.6p that the set |J, T nk ({x G X : p n (x) < 1}) 
is dense in V so that (T n ) satisfies condition (C) for the sequence (rife,), we deduce 
the desired result from Theorem 1 1.1 01 □ 



Remark 1.12. In Theorem 1 1.11[ the second condition is equivalent to the existence 
of a non-increasing sequence of infinite-dimensional closed spaces (Mj)j>i of X 
such that for every continuous seminorm q on Y, there exists a positive number 
C, an integer k > 1 and a continuous seminorm p on X such that we have for any 
j > fc, for any cc S Mj, 

q{T nj x) < Cp(x). 

In the next theorem, we do not suppose that X possesses a continuous norm 
but that there exists a continuous seminorm ponl such that p(x) > for every 
hypercyclic vector x in X. Obviously, if a continuous norm exists then this condition 
is always satisfied. 

Theorem 1.13. Let (p n ) be an increasing sequence of seminorms defining the 
topology of X . If there exists a continuous seminorm p on X such that p{x) > for 
every hypercyclic vector x in X and if there exist a sequence of sub spaces (E n ) n >i of 
finite codimension, a sequence (C n ) n >i of numbers with C n — > oo and a continuous 
seminorm q on Y such that for any n > 1, for any x G E n , we have 

q(T n x) > C n p n (x) 

then (T n ) does not possess any hypercyclic subspace. 

Proof. If p is a continuous seminorm on X, there exists an integer N > 1 and 
a positive number K > such that for every x 6 X, we have p(x) < Kp^(x). 
Without loss of generality, we can thus suppose that we have p\ (x) > for every 
hypercyclic vector x in X. Assume that M is a hypercyclic subspace; we show that 
there exists a vector x € M such that 

lim q(Tj(x)) = oo 

j-s-oo 



s 
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which is a contradiction. Since C n tends to infinity, there exists an increasing 
sequence (fc n ) n >i of positive integers such that for any n > 2, for any k n -i < j < k n , 
we have 

(1.7) n 3 <C r 

We then construct a sequence (e n ) n >i C M recursively such that 

(1) Pn(e„) = ^2 ; 

(2) ^e^^Sii 

(3) for any j < k n , Tje n £ Dfc<n— l ^ k -h wnere ^k,j is the closed subspace of 
finite codimension given by Lemma ll.6l for Fk,j — span(T :) ei, . . . , Tjek), the 
seminorm q and e > 0. 

Such a construction is possible because M is an infinite-dimensional space and each 
of the intersections p| fc 1 <j<k E j an< ^ C\k<n—i ^k,j are spaces of finite codimen- 
sion. Moreover we can choose e„ such that p n (e n ) = ^ because we have pi(x) > 
for every hypercyclic vector x and M is supposed to be a hypercyclic subspace. 
Letting x := Yl^Li e vi we have x € M and if fc n _i < j < k n , we then have 

g(Tj-ar) = q(^2Tje u J > - ■ ^ qf y"^T.,-e„) because ^ Tje u £ L n j 

v—l v—1 u—n+1 

^ 7T~; — TTTT^ — \Q{Tj e n) because T 3 e n 6 
(1 + e)(2 + e) 



CjPj(e n ) Cjp n (e n ) 
(l + e)(2 + e) " (l + e)(2 + e) 



— T\ | J — \ — Pi ~ wo" — \ because e„ € £j and n — 1 < fc n _i < j 



71 

- (T+^(2~+g) by& 

The result follows. □ 

2. Criterion for having no hypercyclic subspace 

The criterion of Theorem 11.131 can be significantly simplified in the case of an 
operator T : X — > X. By operator we mean a continuous linear operator. For 
convenience, we begin by the case where X is a Banach space. 

Proof of Theorem \0.5\ The implications (i)=>-(ii) and (ii)=>(iii) are evident. 

(iii)=>(i). Let C > 1, E a subspace of finite codimension and m > 1 an integer 
such that for any x 6 E, there exists an integer k < m for which 

||T fe x|| > C\\x\\. 

Let n > 1. We consider K = sup < fc<m ||T fe || and E n = f]^ T ^ E - Let x € E n . 
Since £"„ C E, there exists < k\ < m such that we have 

||T fcl a;|| > C||x||. 

If ki < n, we have T kl x £ E and there thus exists ki < &2 < k\ + m such that 

\\T k2 x\\ > C\\T kl x\\ > C 2 \\x\\. 

We can repeat this argument as long as we have ki < n. Therefore, if n = jm + p 
with j > and < p < m then we are sure to can use this argument at least j 
times. As C > 1, we deduce that there exists n < k < n + m such that 

\\T k x\\>&\\x\\. 
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We thus have for every x £ E n , for some n < k < n + m, 

C j \\x\\ < \\T k x\\ < K\\T n x\\. 

Letting C n = we obtain the desired result. □ 

If we denote cofin := {E C X : E subspace of finite codimension} then as con- 
dition (i) is equivalent to having no hypercyclic subspace in the case of weakly 
mixing operators on a separable complex Banach space, we obtain in particular the 
following new characterization: 

Corollary 2.1. Let X be a separable complex Banach space and T : X —} X a 
weakly mixing operator. The operator T possesses a hypercyclic subspace if and 
only if 

\\T n x\\ 

sup sup inf — - — — < 1 

n>lEecofi n x£E\{0} \\x\\ 

or equivalently if and only if 

■ , \\T n x\\ 
sup sup ml — — — < oo. 

n>l EGcofin'x£E\{0} \\x\\ 



We generalize Theorem 10.51 for operators on a Frechet space. 

Theorem 2.2. Let X be a Frechet space and T : X — > X an operator. The 
following conditions are equivalent: 

(i) there exist an increasing sequence of seminorms (p n ) defining the topology of 
X , a sequence of numbers (C n ) with C n — > oo, a sequence of subspaces (E n ) 
of finite codimension and N > 1 such that for every n > 1, 

p N (T n x) > C n p n (x) for any x G E n ; 

(ii) there exist a sequence of seminorms (p n ) defining the topology of X and N > 
1 such that for every n > 1, there exist C n > 1, a subspace E n of finite 
codimension and an integer m n > 1 such that 

p N (T m "x) > C n p n (x) for any x 6 E n ; 

(iii) there exist a sequence of seminorms (p n ) defining the topology of X and N > 
1 such that for every n > 1, there exist C n > 1, a subspace E n of finite 
codimension and an integer m n > 1 such that for any x £ E n , there exists an 
integer 1 < k < m n for which 

p N {T k x) > C n p n (x). 

Proof. The implications (i)^-(ii) and (ii)=>(iii) are evident. 

(iii)=>(i). By hypothesis, there exists N > 1 such that for every n > 1, there 
exist C n > 1, a subspace E n of finite codimension and an integer m n > 1 such that 
for any x € E n , there exists an integer 1 < k < m n for which 

p N {T k x) > C nPn (x). 

Let I > 1. For any n > 1, we consider E n j — P|fe=o T~ k Ex n Ei. Let 1 be a vector 
in E Uj i. There exists k\ < mi such that 

p N {T kl x) > Cipi(x). 
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Moreover if n = mi +jrriN +p with j > 1 and < p < mjv then T kl x £ En and we 
deduce as in the proof of Theorem 10 . 51 that there exists an integer n < fc < n + niN 
such that 

p N (T k x) > C N p N (T k ^x) > C N C lPl (x). 

If for j > 1, we denote qj = max(pi, . . . ,pj) then by continuity of T, there exist a 
positive number K and an integer J > 1 such that for any < m < wjat, we have 

p N {T m x) < Kqj(x) for any a: £ I 

and thus for any < m < m^. for any fc > m, we have 

qj{T k ~ m x) > —p N {T k x) for any a; G X. 

If n = mi + J^tv + p with j > 1 and < p < mjy, it follows that for every vector 
x G E n i, there exists n < k < n + such that 

(2.1) qj(T n x) = q.,{T k -^x) > ^ PN (T k x) > ^j^ P i(x). 

To conclude, we have just to construct a convenient increasing sequence of semi- 
norms (p' n ) defining the topology of X. We can suppose that (m;);>i is an increas- 
ing sequence. So if for n < ni\ + toat, we let p' n = qx, C' n — 0, E' n — X, and for 

c' 

mi+lm N <n< mi + i + (l + l)m N , we let p' n = qi. C n = and E' n = f)/-<i -En.fc, we 
have the desired inequalities for (C' n ), (E' n ), (p' n ) and gj. Indeed, if n > mi + imjv 
and a; € E' n , then for any fc < I, we have by (|2.ip . 

and thus if m; + Im^ < n < m; +1 + (I + l)mjy, we get 

qj{T n x)>C' n qi(x) = C'J n {x). 

□ 

By Theorem II. 131 we know that if X is a Frechet space with a continuous norm, 
condition (i) in Theorem 12.21 implies the non-existence of hypercyclic subspaces. 

Corollary 2.3. Let X be a Frechet space with a continuous norm and T : X — > X 
an operator. If there exist a sequence of seminorms (pj) defining the topology of X 
and J > 1 such that for every j > 1, 

. p.,{T n x) 
sup sup mi — — — > 1 

n>l E£cofinx£E\kcr{ Pj ) Pj(X) 

or equivalently if 

. P j(T n x) 
sup sup ml — — = oo 

n>l EecofinxeE\kcr( Pj ) Pj{X) 

then T does not possess any hypercyclic subspace. 

Remark 2.4. Unlike the case of complex Banach spaces, we do not know if, in gen- 
eral, these criteria are also necessary conditions for having no hypercyclic subspace. 
So far no characterization is known of operators on Frechet spaces with a continuous 
norm. 
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3. Weighted shifts on complex spaces l p and co 

For weighted shifts on complex spaces V and Co, the characterization given by 
Corollary can be simply expressed in terms of the weights. 

Proposition 3.1. Let X be the complex space l p with 1 < p < oo or the complex 
space Cq, and B w : X — > X the weighted shift defined by B w e n = w n e n —i, where 
6q = 0, (e„)„>i is the canonical basis and (w n ) n >i is a sequence of non-zero scalars. 
The following inequalities are equivalent: 
\\B n r\\ 

(1) sup sup inf < 1, 

n>l E€Lcofin x 

EE\{0} \\X\\ 



(2) sup sup inf TT \w v+k 

n>lN>l k > N , t_i 



< 1, 



(3) sup sup inf TT \w u +k\ < oo. 

n>l N>1 k>N 
— — u—1 

Proof. (1)=>(2). We prove in fact that -i(2)=> "'(l)- We thus suppose that we have 

n 

sup sup inf TT \w v +k\ > 1- 

— — U—l 

Then there exist C > 1, n > 1 and N > 1 such that 

n 

inf TT \ Wv+k \ > C. 

k>N LL 

- v=\ 

Letting E n+ N '■= {% € X : x± = %2 — • • • = x n +N = 0}, we have for every vector 

X G -En+JV, 



\Blx\ 



n n 
(0, . . . ,0, ( JJ ^+7V+l^n+7V+l, ( Y[ Wv+N+2)%n+N+2i ■ ■ ■ ) 

n 

(^iii^i)ini 



> 

. k>N 
- v—\ 

>C\\x\\. 

Since E 71+ n is a space of finite codimension, we deduce that we have 

sup sup mf > 1. 

n>l BGcofin x 

£E\{0} \\X\\ 

(2) =*(3). Evident. 

(3) =>(1). Let E be a subspace of finite codimension. By definition, there exists 
a finite-dimensional subspace F such that E © F = X. If the dimension of F is d 
then for all linearly independent vectors x\, . . . , Xd+i, there exist ax, ... , a^+i G K 
such that 

aixi H h a d +ix d +i G i?\{0}. 

If we suppose that we have 

n 

sup sup inf TT \w v+k \ < K, 

n>l N>1 k > N i 
— — v— 1 
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then for any n > 1, there exist different indices ii, . . . , id+i such that for any 
1 < k < d + 1 , we have 

n 

\\BZe n+lk \\ = l[\w„ +lk \<K. 

v=l 

By the previous reasoning, there also exist ax, ... , a d +i such that 
a\e n+il H ^ a d+ ie n+id+1 e i?\{0}. 

We thus have 

)ll < K\\a 1 e il + ■ ■ ■ + a d+1 e id+1 1| 

= K\\aie n+il + h a d+1 e n+id+1 1|. 

We conclude that we have sup n>1 sup f;gcofin inf^g^^o} HTxTT < K and by Corol- 
lary 12.11 that we have the desired inequality. □ 



In their article [9], Leon and Montes have shown that a hypercyclic weighted 
shift B w on the complex space I 2 possesses a hypercyclic subspace if and only if 



lim ( inf J^J |w„ + fc| j < 1 or equivalently sup inf JJ^ |uv+fc| < 1. 

The supremum on N in the previous result is thus surely unnecessary. 
Proposition 3.2. Let (w„)„>i be a sequence of non-zero scalars. We have 

n n 

sup sup inf I I Iwy+fcl >1^ sup inf I I luv+fcl = °o- 

n>lN>lk>N J-l' + ' fc^lll 

— — v— 1 — IV— 1 

Proof. (<^) Obvious. 

(=>) By hypothesis, there exist C > 1, n > 1 and TV > 1 such that 



~ iv=l 

We thus have for any m > 1, 

ran 

(3.1) infJlK+fel^C™ 



fc>JV ■ 

~ i/=i 



Let K > 0. We consider an integer mi > 1 such that m,\n > and C™ 1 > if, and 
another integer m,2 > 1 such that C™ 2 > ^ where Ao = mini<fe< min _i J^^;" |uv+fc | 
Therefore, since m\n > N, we have, using p.l[) . that for any k > min, 



(mi+m2)n 

n \w v+k \>c m ^ +m - >k 

and that for any 1 < k < m^n — 1, 

(mi+m2)n nun m 2 n 

Yl \w»+k\ = Y\_ \ w "+k\ Y\_ \ w v+k+mm\ 

V—l V—l V — l 

> A C m2 > K. 

□ 
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Since every hypercyclic weighted shift is weakly mixing (see |15|). it follows 
from the two previous results and from Corollary 12.11 that we have the following 
characterization: 

Theorem 3.3. A hypercyclic weighted shift B w on the complex space V with 1 < 
p < oo or on the complex space cq possesses a hypercyclic subspace if and only if 

n 

sup inf TT \w u+ k\ < 1 

n>l K dL L u —i 

or equivalently if and only if 

n 

sup inf TT \w v +h\ < oo- 
«>i fe - 1 vJ{ 

By isomorphism, we can extend this result to weighted versions of complex spaces 
l p and cq. Let (v n ) n >i be a strictly positive weight sequence. We define these spaces 

by 

oo 

P(y) = |(x„)„>i : \ x n\ p v n < oo j for 1 < p < oo; 

ri=l 

c o(v) = {(x„)„>i : lim \x n \v n = 0}. 



n— >oo 



Corollary 3.4. A hypercyclic weighted shift B w on the complex space l p (v) with 
1 < p < oo possesses a hypercyclic subspace if and only if 



n 



-Vk +r . 

or equivalently if and only if 



< 1 



sup inf TT |«, v+fc |(_*_) P < 
n>1 k>i " Vw fe+ „/ 



and a hypercyclic weighted shift B w on the complex space Cq(v) possesses a hyper- 
cyclic subspace if and only if 



or equivalently if and only if 



n 

sup inf TT \w v+ k\{— — J < 1 
n > 1 fc>i-«- J L Vi; fe+ „/ 



sup inf TT \w v+K 
n>l fc > x 



< OO. 



In their article [9], Leon and Montes also show that every hypercyclic bilateral 
weighted shift on the complex space l 2 (Z) possesses a hypercyclic subspace. We 
can extend this result to complex spaces l p (Z) with 1 < p < oo, to the complex 
space co(Z) and afterwards, to complex weighted spaces l p {v,1) and co(i>,Z). 

Theorem 3.5. Every hypercyclic bilateral weighted shift on the complex space Z P (Z) 
with 1 < p < oo or on the complex space Cq(Z) possesses a hypercyclic subspace. 
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Proof. Let B w be a hypercyclic bilateral weighted shift defined by B w e n — w n e n -i 
for any n G Z. By the characterization of hypercyclic bilateral weighted shifts 
(see [BJ, |15|). we know that there exists an increasing sequence {n k ) k >\ of positive 
integers such that for any j e Z, 

(3.2) lim TT \wj- u \ = 0. 

i/=Q 

Suppose that B w does not possess any hypercyclic subspace. Then, by Corollary 
12.11 we have 

. . \\Kx\\ , 

sup sup mf > 1. 

n>l_Eecofi n a;GB\{0} ||x|| 

It is not difficult to see that, as in Proposition I3H1 the above condition is equivalent 
to having 

n 

sup sup inf TT \w v +k\ > 1- 

n>lN>l\k\>N ^ 

There thus exist C > 1, n > 1 and N > 1 such that for any j > iV, we have 

n-1 

(3.3) JJ | > C. 

Since B w is continuous, there also exists K > such that sup igZ < K and if 
rife = m k n + p with < p < n — 1 then we have by using p.3[) 

TT \w- N - u \ = ^^^H' ' > ■ 

This is a contradiction with the equation (|3.2[) . The operator possesses thus a 
hypercyclic subspace. □ 

Corollary 3.6. Every hypercyclic bilateral weighted shift on the complex space 
I p (v,1j) with 1 < p < oo or on the complex space Co(v, Z) possesses a hypercyclic 
subspace. 



4. Weighted shifts on certain KOthe sequence spaces 

Let A = (o-j,k)j,k>i be a matrix such that for any j, k > 1, we have a^u > and 
o.j,k < Oj+i./c- We define the (real or complex) Kothe sequence spaces X P (A) with 
1 < p < oo and Co (A) by 

oo ^ 

A p (j4) :={(x k ) k eK n : Pj ((x k ) k ) = |a*a jlfc |*)* < J > l}> 

fc=i 

co (A) := {(xfe) fe € K N : lim \x k \a jtk = 0, j > 1} with Pj ((x k ) k ) = max \x k \a jjk . 

k— >oo 

These spaces are Frechet spaces with a continuous norm and the sequences of 
norms (j>j) are increasing (see for more details about Kothe sequence spaces). 
Therefore we deduce from Corollary 12.31 the following result: 
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Theorem 4.1. Let B w : X —> X be a weighted shift, where X = X P (A) with 
1 < p < oo or X = cq(A). If there exists an integer J > 1 such that for any j > 1, 
we have 

. pj{Ble k ) 
sup sup mi — - — > 1 

n>lN>lk>N Pj(e k ) 

then B w does not possess any hypercyclic subspace. 

Proof. By hypothesis, there exists J > 1 such that for any j > 1, there exist Cj > 1, 
n j > 1 7 Nj > 1 such that we have for any k > Nj, 

pj{BZ 3 e k ) 

The condition of Corollary 12.31 is then satisfied because for any j > 1, for any 

oo 

k=Nj 



x e E Nj := {x e X : x = J2T=n x ke k }, x ^ 0, we have if X = X P (A), 



oo oo 

Pj{B$xY= P j(b%( E ^e k )) P = E NfeW^ 

k—Nj k=Nj 

oo 

and we have if X = Co(A), 

oo 

pj(BXx)=pj(B%( E «*e fc )) = max| a!fc MS5'e fc ) 
> max IxfelQp^efc) = C 3 pj{x). 

K>I\j 

a 

For the other implication, we cannot proceed as in the proof of Proposition 13.11 
because unlike Corollarv l2.11 Corollary |2 . 31 does not give us an equivalence. We will 
thus prove that if for any j > 1, there exists rrij > 1 such that 

. Pj(B^e k ) 
sup sup mf < oo 

n>i7V>ifc>JV p mj (e k ) 



then I?™ satisfies the condition of Theorem 11.111 For this purpose, we need the 
following result whose idea of proof is the same as for Theorem 12.21 This result 
is stated for Frechet sequence spaces which are Frechet spaces of sequences that 
are continuously embedded in uj. Obviously Kothe sequence spaces are Frechet 
sequence spaces. 

Lemma 4.2. Let X be a Frechet sequence space with a continuous norm, (pj) 
an increasing sequence of norms defining the topology of X and B w : X — > X a 
weighted shift. The following assertions are equivalent: 

(i) there exists J > 1 such that for any j > 1, we have 

. p.i{Ble k ) 
sup sup mi — - — = oo: 

n>\N>l k > N P]{ e k) 



16 



Q. MENET 



(ii) there exists J > 1 such that for any j > 1, we have 
sup sup mi max — - — > 1 . 

n> \ N>l k > N m < n Pj\ e k) 

Proof. The implication (i)=>(ii) is evident. We show the implication (ii)=^(i). We 
know by hypothesis that there exist jo > 1 such that for any j > 1, we have 

. Pj (B%e k ) . 

sup sup ml max > 1. 

n>l N>1 k > N m < n Pj\ e k) 

There thus exist Cj > 1, rij > 1, A/j > 1 such that for any k > Nj , there exists 
1 < m < n JO such that we have 

Pio( e fe) 

Let j > 1. There are also Cj > 1, rij > 1, Nj > 1 such that for any k > Nj, there 
exists m < rij such that we have 

(4.2) gfeC^) >c,. 



(4.1) _ >Cjo- 



Let A: > iV 3 - + 2Vj + Znj + nj and n = Znj + rij with Z > 1. We deduce from (|4.2p 
that there exists mi < nj such that 

P 30 (B^e k ) 

7 — \ °j 

Pj{ e k) 

and we deduce by repeatedly applying (|4.1[) to B™ x e k that there exists n < m2 < 
n + nj such that 

Pj (B^e k ) , 
Pi,(Ce*) J ' ' 

Since X is a Frechet sequence space and -Bu, maps X into itself, the weighted shift 
B w is continuous. There thus exist K > and J > 1 such that for any < p < rij , 
we have 

Pjo(B^x) < Kpj(x) for any x £ X 
and therefore for any < p < rij , for any m > p, we have 

p.;(B™- p x) > lp j0 (B» for any .x £ X. 
It follows that we have 

pj(BZe k )=pj(B^-^-^e k ) > ± Pjo (B™e k ) 

>|p J »(C^)>^P,(e t ). 

Since the choice of J does not depend of j and Cj o — > oo when I — > oo, we have the 
desired result. □ 

To prove that a hypercyclic weighted shift B w possesses a hypercyclic subspace 
if for any j > 1, there exists mj > 1 such that 



. p 3 (B^e k ) ^ 
sup sup ml < oo, 

n>liV>lfc>JV PmMk) 
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we need to suppose an additional condition on the norms (pj)j>i and thus on the 
matrix A. This condition will permit us to transpose the inequalities for a couple 
of seminorms (pj,p m ) to others couples (pj,p mj ). 

Theorem 4.3. Let B w : X — > X be a hypercyclic weighted shift, where X = X P (A) 
with 1 < p < oo or X = cq(A). Suppose that there exists J > 1 such that for any 
m > 1, for any j > 1, there exists rrij > 1 such that 

,. P 3 (ek-n)Pm(ek) „ 

SUplimSUp - r < OO. 

n>0 k>n Pj(ek-n)Pmj{ek) 

If there exists m > 1 such that we have 

sup sup ml — — < oo 

n>l N>l k > N Pm\ e k) 

then B w possesses a hypercyclic subspace. 

Proof. By our assumptions, we know that there exists m > 1 such that for any 
j > 1, there exists rrij > 1 such that we have 

• f Pj( B w e k) . , Pj{Ble k ) pj(ek-n)Pm(ek) ^ 
sup sup mf — — — = sup sup mf — — r — - < oo. 

n>lN>lk>N p mj (e k ) „>i N>n+lk>N p m {e k ) Pj{e k — n JPrnj [&k ) 

By the previous lemma, the above condition is equivalent to having, for any j > 1, 
the existence of an integer j' > 1 such that 

• f Pj( B le k ) 
sup sup ml max — — - — — < 1 . 

n>l N>1 k > N i < n Pj'( e k) 

In particular, we can choose rtij > 1 such that 

(A i\ ■ r Pj( B i e h) ^ i 

(4.3) sup sup ml max — — < 1. 

n>lN>l k > Ni < n Pmj(e k ) 

Let (m) be an increasing sequence of integers such that B w satisfies the Hypercyclic- 
ity Criterion for (ni). Such a sequence exists because every hypercyclic weighted 
shift is weakly mixing (see [5]). Then, using the relation (|4.3p , we have that for any 
I > 1, for any N > 1, there exists k > N such that for any I' < I, we have 

P.j(B r w''e k ) < 
Pmj(efc) 

If we let Cj — 2 and for any j ^ J, we let Cj be a constant and rrij an integer 
satisfying 

p 3 (e k - n )p m ,(e k ) 
sup hm sup ^— — — — r- < Cj , 

n fc>n P,/(efc — n IPrrij ( e fc J 

then it is not difficult to construct an increasing sequence of integers (fc;);>i such 
that for any I > 1, we have rt; < fc; and for any I > 1, we have 

(4.4) for any /' < Z, Pj(g "' e "' ) < 2; 

Pmj (e kl ) 

(a c \ r • ^ If ^ 1 Pj( e k l -n l ,)Pm J {eki) „ 

(4.5) for any J < t < t, — ; L ^ 7 r < Cj. 

pj{e kl - ni ,)P mj (e kl ) 
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Therefore we have by multiplying (|4.4|) and (|4.5|) that for any I > 1, for any j < 

Pj(B%'e kl ) < 

If for any i' > 1, we let M// be the closed linear span of (eki)l>V then for any j < I', 
for any x G Mj/, we have if X = X P (A), 

oo oo 

Pj (BS" *)* = ft ( ^ e fci ) ) P = J2 \xk, \ P P 3 W e*. ) P 

oo 

< ^ |z* I |*(2C J -) , W e *») P = (2C j r Pmj (xr 
l=l> 

and we have if X = cq(A), 



Pj (K 1 ' x) = P 3 [By ( ^ x kl e kl ))= max \x kl \ Pj (BJV e kl ) 
l=V 

<ms^\x kl \(2C j )p mj (e kl )=2C jPmj (x). 

Theorem 11.111 implies the desired result. □ 

Theorems 14.11 and 14.31 allow us to characterize for the first time which weighted 
shifts on certain Frechet spaces possess a hypercyclic subspace. Before stating this 
characterization, we remark that we can simplify this one as in Proposition 13.21 

Proposition 4.4. Let (w n ) n >i be a sequence of non-zero scalars and {a,j,k)j,k>i a 
family of positive numbers. For any j > 1, we have 

Vra > 1, sup sup mf 1 lv L ' — J > 1 

n>l N>l k > N a m ^ n+ k 

^ w ^ i ■ t Hu=l \ w v+k\aj,k 

O Vm > 1, sup mf — ^—^ — = oo. 

Proof. (-4=) Evident. 

(=>) Let j > 1. By hypothesis, for any m > 1, there exists C m > 1, n m > 1 and 
N m > 1 such that 

inf ^il^K> >Cm , 

fe>JV m a m ,n m +fc 

In particular, we have for any £ > 1, 

inf ife^>d 

k>N 3 djjnj+k 

Let m > 1 and X > 0. We consider an integer ii > 1 such that l\n^ > ma,x(Nj , N m ) 
and C:- 1 > X, and another integer > 1 such that XqC[ 2 > K where 



x • T[ l v=l \w v+k \g hk 
Aq — nun . 

0<k<hrij-l ajj l7lj +k 
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Therefore, since hrij > max(7V :) , N m ), we have for any k > l\n 



j ■ 



n(h+l2)n.j+n m I I T-\(h+h)rij i i rfn m i 



^!+/ 2 I w ^+(ii+i2)" j +fcl a j\(ii+i2)nj+fc 



> C^ 1+h C m > K 

and for any 1 < k < — 1, 

a "m,(h+h)n j +n m +k a j,hnj+k a j,(h+l2)nj+k 

Il"=l l w ^+(ii+'2)ni+fcl a i,('l+'2)n 3 +fc 



> A C! 2 C m > K 



□ 



We obtain the following characterization: 



Theorem 4.5. Let B w : X — >• X &e a hypercyclic weighted shift, where X = A P (A) 
uratfi 1 < p < oo orX = Co (A). Suppose that there exists J > 1 shc/i £/ia£ /or any 
m > 1, /or any j > 1, i/iere exists nij > 1 smc/i £/ia£ 

/. ~\ n . Q<j,kQ<m,n-{-k 

(4.DJ suphmsup^ 2 : < co. 

n>0 fe 0-J,kO"mj,n+k 

Then B w possesses a hypercyclic subspace if and only if there exists m > 1 such 
that 

sup . nf IIIUK +fc K/. fc < 1 

n>l k>l (Lm,n+k 

or equivalently if and only if 

■ r Il"=i \w u +k\a.j,k ^ 
sup ml — — < oo. 

n>l k>l ftm,ti|fc 

In particular, this theorem can be applied in the case of spaces l p (v) and cq(v) 
if we consider a^fc = (vk)* and it extends thereby Corollary 13.41 to the case of real 
spaces. 

Corollary 4.6. A hypercyclic weighted shift on the real or complex space l p (v) with 
1 < p < oo possesses a hypercyclic subspace if and only if 

n i 

sup inf TT \w v+k \(^-) " < 1 
or equivalently if and only if 

n i 
sup inf TT \w v+k | ( ) " < oo, 
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and a hypercyclic weighted shift on the real or complex space Co(y) possesses a 
hypercyclic subspace if and only if 

n 

sup inf TT | w v+k | ( — — ) < 1 

n > lk - 1 U=l Kv k+n' 

or equivalently if and only if 



sup inf I 
n>1 k>i -1-1 

— V— 1 



\w»+k\( I < 00. 



An example of Frechet space satisfying condition (|4.6[) is the space of entire 
functions. This space, denoted by -ff(C), can be seen as the Kothe sequence space 
X 1 (A) with 

a j,n — j n i and condition (|4.6[) is then satisfied for J — 1 and rrij — 2jm 
because for any m,j > 1, we have 

,. aj,ka m ,n+k ,. j k m n+k j k m n+k 
lim sup — — ■ = lim sup — -r = lim sup 1 1 



aj, k a mj , n +k k J k m n + k k (2j) n + k m n + k 

Corollary 4.7. Let B w : H(C) — > H(C) be a hypercyclic weighted shift defined by 
B w z n = Wnz"^ 1 . The operator B w possesses a hypercyclic subspace if and only if 
there exists m > 1 such that 



(4.7) sup inf EnkK±jd <! 

>1 fc>0 m«+fc 



Remark 4.8. In 2010, Shkarin [16] has shown that the differentiation operator on 
the space of entire functions possesses a hypercyclic subspace. In fact, the differ- 
entiation operator can be seen as the weighted shift B w with w n — n and this 
operator satisfies condition (|4.7[) : 

ia a \ ■ c lX-il^V+fcl ^ . , (k + n) n 

(4.8) sup mf llt ^~ i , , < sup mf „ , , = 0. 

^ ' n>lk>0 2"+ fe "„>ifc>0 2«+ fe 

We have thus improved the result of Shkarin by giving a characterization of weighted 
shifts on H(C) with hypercyclic subspaces. 

Another important example of a Frechet space satisfying condition (I4.6[) is the 
space s of rapidly decreasing sequences, which is the space A 1 (A) with dj t k = k? . 
This space is isomorphic to C°°([0, 1]) (see Example 29.4]). 

Corollary 4.9. Let B w : s — > s be a hypercyclic weighted shift. The operator B w 
possesses a hypercyclic subspace if and only if there exists m > 1 such that 

■ t n"=i \w»+k\ , 1 

sup mf — , , s < 1. 

n>i k >o (n + k) m 

Remark 4.10. A sufficient condition on A to satisfy (|4.6p is that for any j, k > 1, 
we have a,-^ < a,j k+i an d for any j > 1, there exists uij > 1 such that 

sup — - — < oo. 

k Q"m,j , fc 

On the other hand, some matrices A do not satisfy (|4.6|) . For example, the matrix 
A with a,-,ft = fc 1_ 7 does not satisfy (|4.6I) . 
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As in the case of the complex spaces l p (Z) and co(Z), we can prove the existence 
of a hypercyclic subspace for every hypercyclic bilateral weighted shifts on certain 
real or complex Kothe sequence spaces. Let A — {aj,k)j>i,keZ be a matrix such 
that for any j > 1, k g Z, we have a,j k > and a,j t k < a^+i fc. We define the spaces 
\p(A, Z) with 1 < p < oo and c (A, Z) by 

A P (A, Z) := {(x k ) k g IK Z : ^((a*)*) = |^%-, fe | p ) F < oo, j > l}, 

fcez 

Co (A, Z) := {(ir fc ) fc g K z : lim |ar fc ]aj- = 0, j > 1} with ^((a;*)*) = max \xk\aj k- 

k—>±oo 

Suppose that X = X P (A,Z) or cq(A, Z) and that there exists J > 1 such that for 
any m > 1, for any j > 1, there exists > 1 such that 

suplimsup — < oo. 

n>0 k— > — oo 0,J t kT CLrrij ,n+k 

Proceeding in the same way as for unilateral shifts, one can show that for any 
hypercyclic bilateral weighted shift B w : X — )• X, if there exists m > 1 such that 
we have 

• f n"=i l^+felaj.fe 
sup sup mi — < 1 

n>lN>Qk<-N O-m.n+k 

then possesses a hypercyclic subspace. We show that if B w is hypercyclic then 
B w satisfies this condition and thus that every hypercyclic bilateral weighted shift 
possesses a hypercyclic subspace. 

Theorem 4.11. Let X = X P (A, Z) with 1 < p < oo or X = c ( A, Z). Suppose that 
there exists J > 1 suc/i t/iat /or anj/ m > 1, /or any j > 1, t/iere exists rrij > 1 suc/i 

n . (Ij.k&m.n+k 
suplimsup — '■ < OO. 

n>0 ft— > — oo ^ J,fc^mj ,n+fc 

Tnen every hypercyclic bilateral weighted shift possesses a hypercyclic subspace. 

Proof. By the characterization of hypercyclic bilateral weighted shifts (see [3]), we 
know that there exists an increasing sequence of integers {rik)k>i such that for any 

j g Z, 

(4.9) Urn |u. J _ l/ |a J , J _„ fc =0. 

Suppose that B w does not possess any hypercyclic subspace. We then have for any 
m > 1, 

• r n"=l |»«I/+fc|Oj,fc ^ -, 

sup sup mf — > 1. 

n>li\r>0*^ -w Qm,7i+fc 

In particular, there thus exist C > 1, n > 1 and N > such that for any k < —N, 
we have 

(4.10) niLiK+.>.^ > c 

aj,k+n 
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We fix A = max N+v . If n k — m k n + p with < p < n — 1 and 

0<P<"-1 Qj,-jV+ rt-p 

rrik > 1 then we have by using (|4.10l) 

ni I llz^Q 11^=1 \W-N-n k +ln+ V \aj-N-n k 
\W-N-v\ a J-N-n k - n _ p j 

t> " a,J-N+n-p 



> 



> 



An ' 



This is a contradiction with the equation (|4.9[) . We conclude that the operator B w 
possesses a hypercyclic subspace. □ 

Corollary 4.12. Every hypercyclic bilateral weighted shift on the real or complex 
space Z p (i>,Z) or on the real or complex space cn(i>,Z) possesses a hypercyclic sub- 
space. 



5. Functions of weighted shifts 

We finish by looking at the operators of the form P(B W ), where P is a non- 
constant polynomial and B w is a weighted shift. In particular, we prove that 
for every non-constant polynomial P, the operator P(D) possesses a hypercyclic 
subspace on H(C) where D is the differentiation operator. It was already known 
that D possesses a hypercyclic subspace (see [TB]) and that if <f> is an entire function 
of exponential type which is not a polynomial then (j)(D) possesses a hypercyclic 
subspace (see [14J). However the question was open in the case where <f> is an 
arbitrary non-constant polynomial. 

Lemma 5.1. Let X be a Frechet sequence space with a continuous norm, (pj) 
an increasing sequence of norms defining the topology of X and B w : X — > X a 
weighted shift. The following assertions are equivalent: 

(i) there exists J > 1 such that for any j > 1, we have 

sup sup mt — - — > 0; 

n>lN>l k > N Pj{e-k) 

(ii) there exists J > 1 such that for any j > 1, we have 

. Pj(B™e k ) v 
sup sup mf max — - — > 0. 

n>l N>1 k > N 1<™<™ Pj{ek) 

Proof. The implication (i)=>(ii) is obvious. On the other hand, if we suppose that 
(ii) is satisfied then there exists jo such that for any j > 1, there exist < Ej < 1 
and nj , Nj > 1 such that for any k > Nj, we have for some 1 < m < rij , 

Pjo( B wek) > £jPj{e k )- 

Using the previous property repeatedly for j — jo, we deduce that for any n > 1, 
any 1 < m < n and for any k > Nj + n, there exists n < m! < n + nj such that 

Pj0 (BZ'e k )>elp j0 (B%e k ). 
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By continuity, there also exist J > 1 and K > such that for any < m < rij , for 
any x £ X, we have 

p jo (B™x) < K Pj (x). 

Let j > 1. Let N = Nj + Nj + rij. We deduce that, for any k > N, there exist 
1 < mi < nj and rij < to 2 < rij + rij such that 

pj(B%e k )= Pj (B™s-^-^e k ) > ± Pjo (B^e k ) 

7i j rij 

□ 

Theorem 5.2. Let B w : X —> X be a weighted shift, where X = X P (A) with 
\<p<ooorX = cq(A), and P a non-constant polynomial such that P{B W ) 
satisfies the Hypercyclicity Criterion. Suppose that there exists J > 1 such that for 
any m > 1, for any j > 1, there exists mj > 1 such that 

P]{e k ^ n )p m {e k ) 
suphmsup^- — r- < 00. 

n>0 k>n PJ{ek-n)Pm j \e.k) 

If there exists m > 1 such that for any n > 1, 

inf pjiB rf = 

k>n+i p m (e k ) 
and if one of the following two conditions is satisfied: 

(1) P has a constant term \cq\ < I; 

(2) there exists m > 1 such that lim k ^fe^j = 0, 

then P(B W ) possesses a hypercyclic subspace. 

Proof. Suppose that P is a polynomial of degree d with constant term Cq such that 
P(B W ) satisfies the Hypercyclicity Criterion for the sequence (rife). For any n > 1, 
we thus have P n (B w ) = Y17=o B l w for some constants Cj and we fix 

K n = max{|Cj I : i < kd, k < n}. 

By assumption, we know that there exists to > 1 such that for any j > 1, there 
exists mj > 1 such that 

■ f Pj( B w e k) ■ t Pj{B™e k ) Pj(e k - n ) Pm (e k ) _ 
sup sup mi — — f—r- = sup sup ml — — - = 0. 

n>lN>lk>N p m3 {e k ) n>l N>n k>N p m (e k ) pj{t k 



We deduce from Lemma I57T1 that there exists mj > 1 such that for any n, N > 1 

inf max Mfel = o. 

k>Nl<i<n p mj (e k ) 

and in particular that for any n,N > 1, there exists k > N such that for any 
1 < i < nd, we have 

(5.1) ndK n pj(B' l w e k ) < p mj (e k ). 

Moreover, we can suppose that we have toj > </, and if there exists to > 1 such 
that limfe PJ ( efc ) = 0, we can also suppose that mj satisfies lim^ PJ ( e , k \ = 0. We 
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(3) for any I < j, for any < i < rij-id, — — - - — - — Sj < C'i; 



let Cj = 2 and for any j ' ^ J, we let n%j > 1 and Cj > such that 
(5.2) suplimsup Pi^k-n)p mj (e k ) < ^ 

n>0 k>n Pj\ek-n)Pmj{Zk) 

Using (15. ip and (|5.2p . we can then construct an increasing sequence {sj)j>i such 
that for any j > 2 

(1) Sj ~ n.j^id > 8j-i; 

(2) for any 1 < i < n-j-id, n j -idK nj _ 1 pj{B l w e S] ) < p m ,(e S] ); 

pi(e Sj - l )pm J (e Sj ) 

Pj(e Sj -i)P m i(e Sj ) 

and as we suppose that cither |c | < 1 or lim^ p''^^ = 0, we can also construct 
(sj)j>i such that 

(4) for any 1 < k < j, \c \ nk pj{e Sj ) < p mj (e Sj ). 
So we have for any I < k < j, for any 1 < i < n k d, 

fTyi ^ . , r , Pj{B l w e S] )pi(e S] -i)p 

<C;Pm ! (e Sj ) by (2) and (3) 
and we also have, for any I < k < j, by (3) and (4), 

(5.4) Icor^K) = loo!"* PJ( ^ } Plies > mAe ^ < Clft^Ce.,). 

Pmj\ e Sj) PJ\ e Sj) 



Therefore, for any I < k < j, we have by (|5.3j) and (|5.4p 

p ; (^" fc (^)(e s ,)) - Pi ( £ cf^e,. ) < \^ k) \PI {Ble Sj ) 

(5.5) i= ° 1=0 

< |co| n *Pz(e aj ) + n kdK nk max pi{B l w e s ) 

l<i<nkd 

< 2C'ip mi (e Sj ). 

We consider the infinite-dimensional closed subspaces M k defined by 

M k = span{e Sj . : j > k}. 

As for any j > k, we have Sj — n k d > Sj_i, we deduce form (|5.5p that for any I < k, 
for any x € Mk, if X = X P (A), we have 

oo oo 

Pl (P n *(B w )xy = Pl (p n «(B w )( ]T x Sj e Sj )Y= ]T |x S3 |X^" fc (^)( es3 )) p 

oo 

< £ |^| p (2a) p Pm,(e Si r = {2C l Yp mi {xf 
j=k+l 

and if X = cq(A), we have 

oo 

p l (P n "(B w )x)=p l (p n *(B m )( x ^j))= r^&x \x Sj \pi(P n "(B w )(e Sj )) 

j=k+i 3 - k+1 
< max \x s A2Cip mi (e Sj ) = 2Cip mi (x). 

j>k-\-l 



We conclude using Theorem 11.111 □ 
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This theorem, expressed in terms of the matrix A, gives the following result: 

Theorem 5.3. Let B w : X — S> X be a weighted shift, where X = X P (A) with 
l<p<ooorX — cq(A) and P a non-constant polynomial such that P(B W ) 
satisfies the Hypercyclicity Criterion. Suppose that there exists J > 1 such that for 
any m > 1, for any j > 1, there exists mj > 1 such that 

T ^j,k^m,n+k 

suplimsup — < oo. 

n>0 fc ajMO-rn^n+k 

If there exists m > 1 such that for any n > 1 

inf I\"=i \w v+k \aj,k = 

k > 1 a m ,n+k 

and if one of the following two conditions is satisfied: 

(1) P has a constant term \cq\ < 1; 

(2) there exists m > 1 such that lim^ " J,k = 0, 

then P(B W ) possesses a hypercyclic subspace. 

Remark 5.4. We do not suppose in Theorems 15.21 and 15.31 that B w is hypercyclic. 

Corollary 5.5. Let D : H(C) — > H(C) be the differentiation operator. For every 
non-constant polynomial P , the operator P{D) possesses a hypercyclic subspace. 

Proof. We deduce this result directly from Theorem 15.31 from (|4.8[) and from a 
result of Godefroy and Shapiro (see (4]) which says that every operator T : H(C) — > 
H(C), T ^ XI, commuting with D is chaotic and thus satisfies the Hypercyclicity 
Criterion. □ 

Corollary 5.6. Let B w : l p — > l p be a weighted shift with 1 < p < oo. If for any 

n>l, 



inf n 

fe>l J -- L 



= U 

then I + B w possesses a hypercyclic subspace. 

Proof. It is a direct consequence of Theorem 15.31 and a result of Leon and Montes 
(see [8]) which says that for every weighted shift B w : l p — > l p , I + B w satisfies the 
Hypercyclicity Criterion. □ 

Remark 5.7. This last result is not completely satisfying if we compare with the 
result obtained by Leon and Montes for complex space I 2 (see (9|). 

We can also deduce the following results: 

Corollary 5.8. Let B w : X — J> X be a weighted shift, where X — X P (A) with 
1 < p < oo or X = cq(A). Suppose that there exists J > 1 such that for any m > 1, 
for any j > 1, there exists mj > 1 such that for any n > 0, 

(5.6) lim a ^ fcam >"+ fc = o. 

k Qj^k&mjtn+k 

If there exists m > 1 such that we have 

■ ( n"=i |w„ +fc |a,7, fc 
sup ml — < oo, 

n>l k>l a m,n+fc 

then for every non-constant polynomial P , if P(B W ) satisfies the Hypercyclicity 
Criterion, P(B W ) possesses a hypercyclic subspace. 
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Proof. Considering j — J in equation (|5.6j) . we first deduce that for any to > 1, 
there exists m' > 1 such that we have 

lim ■ 



Moreover if there exists to > 1 such that we have 

• f \wu+k\a.j,k ^ 
sup mi < oo, 

n>l^>l ^m.n+k 

then by Proposition 14. 4[ there exists m > 1 such that for any n > 1, 

. r l^ +fc |qj,fc 
sup mi — ^—^ < 1. 

N>l k > N O-m.n+k 

Therefore, we deduce that there exists ml > 1 such that we have for any n > 1, 

inf II"=i K+fcKfc = 

k>l Ojn\n+k 

The assumptions of Theorem 15.31 are thus satisfied. □ 

Corollary 5.9. Let B w : H(C) — > H(C) be a weighted shift. If there exists m > 1 
such that we have 

■ f n"=i K+fci ^ 

sup inf —j < oo, 

„>ife>i m n+k 

then for every non-constant polynomial P , if P(B W ) satisfies the Hypercyclicity 
Criterion, P(B W ) possesses also a hypercyclic subspace. 

Remark 5.10. In particular, if B w : H(C) — > H(C) possesses a hypercyclic subspace 
and P is a non-constant polynomial such that P(B W ) satisfies the Hypercyclicity 
Criterion, then P(B W ) possesses also a hypercyclic subspace. 

Remark 5.11. Condition (|5.6| is not satisfied for spaces l p (v) and co(v). In fact, 
this one implies that X is a Schwartz space (see |11[ Theorem 27.10]). A sufficient 
condition to satisfy condition (|5.6I) is that for any j, k > 1, we have ctj k < flj.fc+i, 
that there exists J > 1 such that lim^ a./.^ = oo and that for any j > 1, there exists 
rrij > 1 such that 

sup — - — < oo. 

k Clrrij : k 

The space H(C) satisfies this condition and also, for example, the space s of rapidly 
decreasing sequences. 
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